This paper presents the study of density fluctuations in a model for vibrated granular media. Their microscopic origin is shown to be linked to the microscopic disorder in grains packing. Varying vibrations amplitude and duration, several regimes are found for density relaxation. Its power spectrum is well described by power laws.
I. INTRODUCTION
The problem of density fluctuations in vibrated granular media has large importance in many practical applications and opens questions from more fundamental points of view ͓1,2͔. Strong fluctuations are commonly observed in these materials for instance in the measures of contact forces ͓3͔, of stress in sheared ͓4͔ or flowing ͓5͔ or compressed ͓6͔ granular media, during density compaction ͓7-9͔, in the density of granular systems flowing during the discharge from bins or pipes ͓10-12͔, and actually their strength makes a systematic study a nontrivial task. Here we try to show how strong fluctuations in ''dynamical'' processes, as density compaction under taping, are related to microscopic mechanisms as geometric disorder and frustration present in granular packs.
Several models have been proposed to describe the dynamics of a dense granular material as nonlinear master equations ͓8,13-15͔ or Monte Carlo simulations which introduce ab initio frustration due to the hard-core interaction between the grains ͓16-18͔ ͑see also ͓1͔͒. Recently a simple microscopic model was introduced ͓19͔ to elucidate the role that disorder in particle arrangements, typical of granular media, plays in such systems. This model, which can be mapped into an Ising spin glass, is a lattice gas whose particles, subjected to gravity and vibrations, have to satisfy during their motion the local geometrical constraints due to the nontrivial neighbors arrangement. Interestingly it shows highly nontrivial dynamic features, as logarithmic compaction or segregation ͓19͔, in strict correspondences with experimental facts about granular assemblies. In this context we face the problem of a systematic analysis of density fluctuations during tapping which may be compared with experimental observations of vibrated dry granular media in the low amplitude regime. The model allows to sketch a microscopic detailed picture of the phenomenon and to predict several characteristic properties to be experimentally verified.
This analysis shows that density relaxation presents fluctuations of the same order of magnitude of the measured mean values. In particular the power spectrum of the density relaxations, S(), presents several regions as a function of the frequency. S() goes to a constant at very small frequencies; then an intermediate region with a power law behavior is found; and, at even higher frequencies, we observe a more usual behavior which corresponds to short time exponentiallike relaxations. The intermediate region may be a wide nontrivial portion of the spectrum, but it seems to always present a finite upper cut off. Power law behaviors have been typically found in granular media ͓1,2͔, and our general results seem well consistent with the known experimental data for density compaction ͓7-9͔.
II. LATTICE MODEL
As stated, the model introduced in ͓19͔, which we study here, was conceived to take into account the effects of disorder and geometrical frustration in particle rearrangements typically present in granular media. It is essentially a lattice gas whose particles have to fulfill local geometrical constraints, which, in the present version, are ''quenched'' on the lattice ͑see ͓20͔ for a model without quenched disorder, where we expect behaviors similar to those discussed here͒. For the sake of clarity we briefly summarize its main features. The model consists of a system of particles diffusing on a square lattice ͑a three-dimensional version of the model is studied in Ref. ͓21͔͒. On site i we set n i ϭ1 if a particle is present and 0 otherwise. Moreover, the particles are characterized by an internal degree of freedom S i ϭϮ1 ͑an Ising spin͒, describing local quantities, as particles shape orientation, which actually experience geometrical frustration ͓19͔. S i ϭ1 might correspond to a rodlike shaped grain whose elongation is directed along one lattice direction and S i ϭ Ϫ1 to a grain oriented in the other direction.
In real granular media, grains are typically frustrated in their motion and packing, by several microscopic mechanisms as, for instance, geometrical effects due to hard core repulsion with their neighbors or friction phenomena. Moreover, a high degree of disorder is typically present in the packs. In the present model we describe these facts by assigning fixed random numbers, ⑀ i j ϭϮ1, to the bonds of the lattice. The bond variables ⑀ i j schematically model the general effects of the disorder of the environment and geometric frustration present in granular systems due to spatial mismatch of grains shapes and arrangements disregarding the actual mechanisms from which they arise. Our results are linked to these general aspects of the model and are essentially independent of their specific realization ͑see also ͓19-21͔͒. In the present model particles are subjected to the constraint to fit the local ''geometrical'' arrangement imposing that whenever two (i and j) are neighboring, their ''orientation'' must satisfy the mutual and the environmental geometrical disposition according the following relation: ⑀ i j S i S j ϭ1. Particles react to the effects of the ''quenched'' frustration imposed by the choice of the ⑀ i j , which leads to the unavoidable presence of empty sites. It is possible to give a formulation of such a model ͓22,23,19͔ in terms of an Edwards-Anderson Ising spin glasslike Hamiltonian ͓24͔.
We are interested in studying such a system when undergoing a dynamical processes in the presence of ''external vibrations'' and ''gravity.'' So we define a dynamics based on the random diffusion of particles on a square lattice whose diagonal is parallel to the direction of gravity, in such a way as to preserve the above ''geometrical'' constraints. When just gravity is present, particles may just move down, while in the presence of shaking they can also be pushed up. Thus, the particles attempt a move upwards with probability P 2 and downward with P 1 ( P 1 ϩ P 2 ϭ1). The move is made only if the internal degrees of freedom satisfy the above constraint and if the place is empty. Similarly, their orientation S i ͑the ''spin''͒ may randomly flip if there is no violation of constraints, and does not flip otherwise. In the absence of vibrations, the presence of gravity imposes P 2 ϭ0. When vibrations are switched on, P 2 becomes finite. The single parameter that controls the dynamics and describes the vibrations is the ratio x(t)ϭ P 2 (t)/P 1 (t). As described in more detail in Refs. ͓19-21͔, the parameter x is linked to an ''effective temperature,'' ␤ Ϫ1 , of the system ␤ϭϪln(x), and is thus related to the adimensional experimental shaking amplitude ⌫ ͑see ͓1͔͒.
We adopt, for our Monte Carlo simulations, a 45°tilted lattice with periodic boundary conditions along the horizontal axis ͑respect to gravity͒ and rigid walls at bottom and top. Further results about three-dimensional systems ͓21͔ show the generality of our finding in two dimensions. After fixing the random quenched ⑀ i j on the bonds, a random initial particle configuration is prepared by randomly pouring particles into the box from its top and then letting them fall down, with the described dynamics ( P 2 ϭ0).
III. MONTE CARLO RESULTS
Our aim is the study of density fluctuations during compaction in the presence of vibrations. As in real experiments we consider dynamical processes consisting of sequences of taps. A ''tap'' in a real experiment is the shaking of a container filled with grains by vibrations of given duration and amplitude. In our Monte Carlo simulations each tap is defined by giving a finite value to the dynamic parameter x. Specifically we fix x(t)ϭx 0 ϭconst for t͓0,͔ and later x 0 ϭ0. With this procedure the systems attains, after ''shaking,'' a final ''static'' configuration that is defined by the criterion that during a fixed time t r nothing changes any longer. We fixed in our simulation t r ϭ330, much longer than any other characteristic time in the system ͑at x 0 ϭ0). Time t is measured in such a way that one unit corresponds to one single average update of all particles and spins of the lattice. We interpret as the duration of the vibrations and x 0 as their amplitude. After each tap we measure the static bulk density of the system (t n )(t n is the nth tap number͒, i.e., the density in the lower 25% of the box. We repeat the tapping sequence for different values of the tap amplitude x 0 and fixed duration .
For this Monte Carlo experiment, which requires very long computer time, we considered a system of size 30ϫ60. Our data are averaged over 640 different ⑀ i j configurations to produce highly reliable data. The drawback was that we were unable to make simulations for very long tapping sequences: we generally fix to 100 the total number of taps in a sequence. However, as explained below, we also made test runs with less good statistics but longer time series ͑one order of magnitude more͒ to verify that our results are valid ͑see also Fig. 6͒ . A test of size effects was also performed, where larger systems were studied ͑up to size of 100ϫ200, see also ͓19͔͒. This analysis allows us to conclude that our results are very robust to size effects. However, the phenomenon of density relaxation is logarithmic in t n ; thus, generally speaking, we cannot exclude that our analysis ͑with t n up to 10 3 ) is not valid in the truly asymptotic time regime.
A. Density relaxation under tapping
To describe experimental observations about grain density compaction under a sequence of taps an inverse logarithmic law was actually proposed in Ref. ͓7͔ . In the present model, data of density relaxation proved to satisfy the same law ͓19͔. In the inset of Fig. 1 we show our Monte Carlo data for the density relaxation during a sequence of taps for several values of the vibration amplitude x 0 . The superimposed fits are from the logarithmic law presented in ͓7͔, cast in the following form:
FIG. 1. Power spectrum, S (), of MC data for density relaxation as a function of the frequency number , for sequences of taps of vibration amplitude x 0 ϭ2.0ϫ10 Ϫ4 , 5.0ϫ10 Ϫ4 , 2.0 ϫ10 Ϫ3 , 5.0ϫ10 Ϫ3 , 1.0ϫ10 Ϫ2 ,2.0ϫ10 Ϫ2 ,0.1 ͑from bottom to top͒ and duration ϭ37. The continuous curves are power law fits described in the text ͓Eq. ͑7͔͒ whose parameters are shown in Fig. 5 . Inset: Static bulk density (t n ) from the same MC data described ͑from bottom to top͒ above as a function of tap number t n . The continuous curves are inverse logarithmic fits, given in the text ͓Eq. ͑1͔͒, proposed to interpolate experimental data, whose parameters are given in Fig. 2 .
͑1͒
Here ϱ is the final asymptotic density and 0 its initial measured value. Notice that one can fit the very long time data of density compaction under tapping also with a stretched exponential four parameter function, which, at high x 0 values performs as well as the above inverse logarithm. However, with the logarithm one is able to fit the full set of data ͑not just long times͒ for all the explored values of x 0 .
We present here results for the fits of our data with Eq. ͑1͒ on which we imposed the constraint that the fit function passes at t n ϭ0 through 0 ϭ0.739, i.e., the measured static initial state density of our system obtained from the prepared random starting configuration ͑in which the particles were poured into the box according to the rules given above͒. We found that for the sequences of our MC taps of fixed duration and amplitude x 0 , the parameter c of Eq. ͑1͒ is approximately equal to cϭ1.3 and independent of x 0 in the explored amplitude x 0 ͓2.0ϫ10 Ϫ4 ,0.1͔ and duration range ͓0.037,370͔. The phenomenological parameter c may be linked to a second typical time, other than 0 , in the system.
The two parameters ϱ and 0 obtained by fitting with Eq. ͑1͒ our MC data for sequences with fixed tap ϭ37 and tap ''amplitude'' x 0 ͓2.0ϫ10 Ϫ4 ,1.0ϫ10 Ϫ1 ͔, are reported in Fig. 2 . Consistent with what was found experimentally in Ref. ͓7͔ , and in agreement with some previous results ͓19͔, the characteristic time 0 diverges when the vibrations amplitude goes to zero with a power law in x 0 ͑at low vibration amplitudes and at fixed ϭ37),
In the very low amplitude region the exponent is ␥ϭ0.9 and Xϭ0.4, but the data show a crossover to ␥ϭ0.6 and X ϭ1.8 above x 2 *Ϸ10 Ϫ2 . As a function of the effective temperature, ␤ Ϫ1 , 0 should then follow an Arrhenius law. The other parameter ϱ shows a more complex behavior with x 0 . Approximately three rough regimes seem to appear characterized by two typical amplitude values: x 2 * and x 1 *Ϸ10 Ϫ3 .
A possible approximate fit in these regions of intermediate values of x 0 is ϱ ͑ x 0 ͒ϭr 1 ϩr 0 log͑x 0 ͒, ͑3͒
with r 1 ϭ0.79, r 0 ϭ0.003 below x 1 * , r 1 ϭ0.75, r 0 ϭ0.001 between x 1 * and x 2 * , and r 1 ϭ0.77, r 0 ϭ0.002 above x 2 * .
We also analyzed the dependence of these laws and parameters by changing the tap ''duration'' . We simulated tapping sequences of 200 taps with fixed x 0 ϭ0.0005 and ϭ0.037,0.37,3.7,37,370. The data from these sequences, averaged over 320 ⑀ i j configurations, are depicted in Fig. 3 . We find again the logarithmic behavior given in Eq. ͑1͒, in which approximately cϭ1.3. The other two parameters, ϱ and 0 , are given in Fig. 4 as a function of . As above we find that they are well described by power laws,
with Aϭ1.1ϫ10 4 and ␥Јϭ0.9 in agreement with the previous value for ␥ of Eq. ͑2͒ in the low vibration amplitudes region. As expected the characteristic time 0 diverges when either x 0 →0 or →0. For small vibration amplitudes or durations, the asymptotic density ϱ increases with x 0 and . As above, we fit the data approximately with ϱ ͑ ͒ϭr 3 ϩr 2 log͑ ͒, ͑5͒
with r 3 ϭ0.75, r 2 ϭ0.003.
B. Power spectrum of density relaxation
A further characterization of our time series for density relaxation is obtained by studying their spectral properties and fluctuations. As usual, we define the power spectrum S () of our density sequences (t n ) ͑with t n ͕0,T͖, where T is the total number of taps, which in our case is typically Tϭ100,1000), as FIG. 2. Fit parameters ϱ and 0 for density relaxation ͑data of Fig. 1͒ , from the inverse logarithmic law, given in the text, Eq. ͑1͒, as a function of the tap vibration amplitude x 0 . The behavior of ϱ shows the appearance of three approximate rough regions separated by x 1 *ϳ10 Ϫ3 and x 2 *ϳ10 Ϫ2 . The characteristic time of logarithmic relaxations, 0 (x 0 ), can be described by two power laws.
FIG. 3. Static bulk density (t n ) from our MC data as a function of tap number t n , for tapping sequences of fixed vibration amplitude x 0 ϭ5.0ϫ10 Ϫ4 and duration ϭ0.037,0.37,3.7,37,370 ͑from bottom to top͒. The continuous curves are the quoted logarithmic fits, whose parameters are shown in Fig. 4 . In the inset we show the corresponding power spectrum ͑analogous to the spectrum of the data of Fig. 1͒ with the power law fits described in the text whose parameters are shown in Fig. 4 .
where ͕0,1, . . . ,T/2͖ is an integer.
Being that the density relaxation is approximately logarithmic, it is problematic to decide where one enters the asymptotic ''stationary'' regime. We thus study the spectral properties of the full relaxation to compare it with experimental data.
The typical appearance of the spectrum S () as a function of is shown in Fig. 1 for our series of taps of fixed duration ϭ37 and the quoted values of ''amplitudes'' x 0 , described at the beginning of Sec. III A. We approximately find the following regions: a saturation to a constant S () ϳS(0), as a ''white noise'' behavior, at very small frequencies; then up to a frequency 1 a power law with an eventually nontrivial exponent р1, S ()ϳ Ϫ2 ; and, for high frequencies, a more usual behavior corresponding to short time exponential relaxations. Interesting is the behavior at low vibration amplitude. Actually when x 0 →0, we find also below 1 that ϭ1. So a frequency region is present whose extensions are larger the smaller x 0 , where trivial power laws are observed, corresponding, as stated, to a short time exponential-like behavior. Moreover, the portion of the spectrum with р1 always has a finite upper cutoff 1 , above which we find ϭ1.
The spectrum from our MC density series ͑for the same amplitude range x 0 ͓2.0ϫ10 Ϫ4 ,0.1͔ and duration ϭ37 reported above͒ is depicted in Fig. 1 . Our data may be generally well fitted by power laws as the following:
͑7͒
This law, when ϭ1, is the spectrum, via discrete Fourier transform, of a standard exponential function. For our fits we divided the data in two frequency regions. Above a frequency 1 ϳT/4 ͑actually 1 is a function of x 0 ) we always find ϭ1. This suggests that at very small tap number density compaction follows a usual exponential-like behavior as found in the model of Ref. ͓17͔. The parameters S 0 and KϪ1 of the fit with Eq. ͑7͒ of MC data in the region Ͼ 1 , are reported in the top row of Fig. 5 . We find that above x 2 * they are almost independent of x 0 .
The behavior with ϭ1, at low vibration amplitude, extends over the whole frequency region we reached, also above 1 . However, the scenario changes above a vibrations amplitude approximately equal to x 1 * , where a low frequency portion of the spectrum appears in which the exponent is well below 1. The fit of this part of the spectrum below 1 is still done with Eq. ͑7͒, and the fit parameters of MC data are depicted in the bottom part of Fig. 5 . The observations of the previous section about the power law behavior of 0 as a function of x 0 suggest an analogous behavior for the characteristic frequency 0 ϵ(KϪ1) 1/2 of Eq. ͑7͒. We find two regimes as a function of x 0 , approximately separated, as above, by the value x 2 * . Below x 2 * ,
with ␣ϭ1.6 and Y ϭ0.4, and, above x 2 * KϪ1 is approximately constant (KϪ1ϳ1.5ϫ10 Ϫ3 ). The exponent is equal to 1 up to x 1 * and then apparently decreases, as shown in Fig. 5 .
Also S 0 has approximately a power law behavior divided in two regions separated by the same value x 2 * ,
where ␦ϭ0.9 and Zϭ0.41 below x 2 * and S 0 ϳ0.01 constant above. We tested that our general results are not affected by the duration of our time series Tϭ100, by recording the same behaviors for a longer tap sequence with Tϭ1000 but lower statistics. The findings, reported in the inset in the bottom of Fig. 6 , confirm our previous results.
These general results are consistent with the experimental data known to us. To compare our results with experiments, we show in the top inset of Fig. 6 the spectrum S () from experimental measurements made by Knight et al. ͓7͔ . The experimental data of Knight et al. on grain density compaction concern the measure taken at the bottom of a shaken box for ⌫ϭ1.4,2.3,2.7, where ⌫ is the ratio of the peak acceleration of a tap, a, to gϭ9.81 m/s 2 , the gravitational acceleration (⌫ϭa/g). To show the direct correspondence between our MC data and experimental data, we report in the main frame of Fig. 6 ͑as a single picture͒ the spectrum from our series at different vibration amplitudes ͑shown in Fig. 1͒ and those from the measurements by Knight et al. ͓7͔ both rescaled according Eq. ͑7͒. Each data set is rescaled with its value of the fit parameter measured in the low frequency region ͑the values of ϭ0.87,0.77,0.79 for the quoted experimental data are in the same range of our MC͒. The scaling seems to work well over several orders of magnitude of the rescaled variable, except for the high frequency data ( Ͼ 1 ), where both experimental measures and our MC have, as explained above, a different exponent ϭ1.
We repeated the same analysis for the sequences with tap duration ϭ0.037,0.37,3.7,37,370 and fixed amplitude x 0 ϭ0.0005. The picture outlined above doesn't change and the spectrum, described by Eq. ͑7͒, is reported in the inset of Fig.  3 . The parameters defined in Eq. ͑7͒, depicted in Fig. 4 , again seem to follow power laws,
where ␣ЈӍ0.5 and CӍ2.1ϫ10 9 , and
where ␦ЈӍ1.4 and DӍ3.6ϫ10
2 . In the present case, working at very low amplitude and small durations of the taps, we always find that the exponent is approximately equal to 1. At low x 0 we are unable to enter the zone of the power spectrum with Ͻ1.
As a consequence of the above results, when x 0 →0 or →0, we expect that the power spectrum S () obeys the following trivial scaling relation with vibration amplitude x 0 ͑or analogously with ):
where f T (y) is a universal scaling function. This equation is, however, not expected to be valid in the low frequency regions where may no longer be equal to 1.
C. Density fluctuations
We pass now to a brief discussion of higher moments of density series measurements. Specifically we analyze the relative density fluctuations (t n ) around the measured mean value (t n ) and the fourth order cumulant g(t n ) to extract informations about its distribution. We study the quantities and g defined as
where the averages run over the quoted 640 different realizations. Like the density , also follows an inverse logarithmic law similar to the one given in Eq. ͑1͒,
where c is still fixed to 1.3. Our results are reported in Fig. 7 for the same series of values of x 0 described above in Sec. III A with ϭ37. We note that the fluctuation are of the same order of the density itself (ϳ1) and that they are stronger and more persistent at lower vibration amplitudes. The times of Eq. ͑15͒ are, within a 10% error, equal to those found for 0 in Eq. ͑1͒. ⌬ϳ0.28Ϯ0.02 is approximately constant. Also the study of ϱ , depicted in Fig. 7 , hardly shows the three regions found for the parameters of Eq. ͑1͒. This may be due to the poorer data quality we obtain for higher moments. FIG. 6 . Inset ͑top right͒: density relaxation power spectrum S () from experimental data recorded by Knight et al. ͑see text͒ for several values of the adimensional tap amplitude ⌫ (⌫ ϭ1.4,2.3,2.7, from bottom to top͒. ⌫ϭa/g is the ratio of the peak acceleration, a, of a tap to gϭ9.81 m/s 2 , the gravitational acceleration. Continuous curves are fits with the power law, Eq. ͑7͒, quoted in the text, whose exponent is respectively ϭ0.87,0.77,0.79. Main frame: the above experimental data from Knight et al. ͑crosses͒ and our MC data shown in Fig. 1 ͑circles͒ about power spectrum of density relaxation, S (), as a function of the frequency number , rescaled according to the function given in the text, Eq. ͑7͒. Inset ͑bottom-left͒: Power spectrum of MC data on density relaxation S () as a function of the frequency number , for sequences of taps with vibrations of amplitude x 0 ϭ5.0 ϫ10 Ϫ3 ,1.0ϫ10 Ϫ2 ,1.0ϫ10 Ϫ1 and duration ϭ37. These MC sequences are depicted to show the consistency with the results from the shorter sequences ͑one order of magnitude less͒ with better statistic shown in Fig. 1 .
The quality of our data is even poorer for g, which is depicted in Fig. 8 for the same series of values of x 0 described above. Note the fine scale of the ordinate, g ͓0.999 61,0.999 78͔: this implies that the fourth moment of the distribution of measures is essentially equal to the second. Also in this case a fit with Eq. ͑15͒ is reasonable, but the fit parameters fluctuate much more. However, the characteristic times of the logarithmic fits show the same behavior found above for 0 and ͓actually the simple moments (t n ), 2 (t n ) and 4 (t n ) have all the same time scales͔. These fit parameters are shown in Fig. 9 .
All these findings may be resumed by stating that the mean square fluctuations observed in the measure of density are typically of the same order of magnitude of the average itself. The relative fluctuations are stronger at lower vibration amplitude. The fourth moment is of the same order of the second. Moreover, their dependence on the tap number t n follows the same inverse logarithmic law given, for the density, in Eq. ͑1͒.
D. Density correlation function
We have also recorded the density time correlation function, C(t n ), defined as
As above, the time correlation function C(t n ) has an inverse logarithmic behavior given, for instance, in Eq. ͑1͒, again with cϭ1.3. In this case, of course, we have the additional constraint that the curves have to pass through 1 at t n ϭ1.
Our results for the quoted values of x 0 are reported in Fig.  10 . Also now the times of this logarithmic relaxation are, within a 10%, consistent with the corresponding values found for 0 in Eq. ͑1͒. In the inset of Fig. 10 we plot the asymptotic estimated value c ϱ of the correlation function C(t n ) for the studied values of x 0 ͓c ϱ ϭlim t n →ϱ C(t n )͔. We just note that c ϱ is well above zero in the full interval of x 0 studied. Consistent with the previous results, the power spectrum S C () of the correlation function C(t n ) shows a behavior very similar to that described above in some detail for S () ͓analogously for (t n ) and g(t n )]. Equation ͑7͒ seems to be satisfied and its parameters approximately follow Eqs. ͑8͒ and ͑9͒ as a function of vibration amplitude x 0 . The statistics for S C (t n ) is worse than that for S , and the data less clear. FIG. 7 . Relative density fluctuations from MC data, (t n ), as a function of the logarithm of the tap number t n , for the same tapping series of Fig. 1 9 . The parameters g ϱ , ⌬g, and g from the logarithmic fit of the fourth order cumulant, g(t n ) ͑shown in Fig. 8͒ , as a function of the vibration amplitude x 0 .
In summary, the time correlation function C(t n ) also shows the logarithmic behavior found for the density (t n ) and, consistently, its power spectrum S C , has the same power law behavior as for S ().
IV. CONCLUSIONS
In conclusion, our study of density fluctuations in the present microscopic lattice model of vibrated granular media presents a detailed picture of the phenomenon. We found that density fluctuations are of the same order of the measured average values and of the higher order cumulant. They all follow the same kind of inverse logarithmic dynamics in the presence of vibration, as experimentally discovered in the compaction of real granular media undergoing a sequence of taps ͓7͔. As in the proximity of critical points, we typically find power law behaviors in the limit of small vibration amplitudes or durations. For what concerns the power spectrum of density relaxations we observed, for low amplitude tapping sequences, several regions. In particular, at low amplitudes, a wide region with a nontrivial power law appears between a low frequency zone with almost constant behavior and a more usual high frequency region originated by a short time exponential-like relaxation. We also observed a crossover region in vibrations amplitude ͑approximately located between the amplitudes x 1 * and x 2 *), where the quantitative behavior of the above described laws changes. It is important to note that, being density relaxation logarithmic, our results may not apply in the real asymptotic regime, which also with experiments may be not easily accessible. We have compared our results with experimental measures from Ref. ͓7͔, finding substantial agreement, and predictions about the detailed behaviors found here are left for future experimental investigations.
The key feature of the model consists of taking into account the role played in granular media by disorder and geometric frustration in the motion and packing of grains. Intriguing are the connections that appeared with other materials in which geometrical disorder and frustration play a crucial role as glassy systems ͓13,22,14͔. As a matter of fact, some phenomenological theories developed to explain dynamic behaviors in granular media ͓8,19,14,15͔, are close in spirit to some approaches developed in the context of the glass transition ͓25͔. FIG. 10 . The density correlation function, C(t n ) from MC data as a function of the logarithm of the tap number t n , for tapping series with vibrations of amplitude x 0 ϭ2.0ϫ10 Ϫ4 ,5.0ϫ10 Ϫ4 ,2.0 ϫ10 Ϫ3 ,5.0ϫ10 Ϫ3 , 1.0ϫ10 Ϫ2 ,2.0ϫ10 Ϫ2 ͑from top to bottom͒ and duration ϭ37 ͑the same as Fig. 1͒ . The continuous curves are inverse logarithmic fits. Inset: Asymptotic value c ϱ of the density correlation function C(t n ), as a function of the vibration amplitude x 0 .
